Abstract. It is well known that the harmonic sum H n (1) = n k=1 1 k is never an integer for n > 1. In 1946, Erdős and Niven proved that the nested multiple harmonic sum H n ({1} r ) = 1≤k1<···<kr ≤n 1 k1···kr can take integer values only for a finite number of positive integers n. In 2012, Chen and Tang refined this result by showing that H n ({1} r ) is an integer only for (n, r) = (1, 1) and (n, r) = (3, 2). In this paper, we consider the integrality problem for arbitrary multiple harmonic and multiple harmonic star sums and show that none of these sums is an integer with some natural exceptions like those mentioned above.
Introduction
A well known result of elementary number theory is that even though the partial sum of the harmonic series n k=1 1/k increases to infinity, it is never an integer for n > 1. Apparently the first published proof goes back to Leopold Theisinger in 1915 [10] , and, since then, it has been proposed as a challenging problem in several textbooks; among all we mention [6, p.16 In 1946, Erdős and Niven [3] proved a stronger statement: there is only a finite number of integers n for which there is a positive integer r ≤ n such that the r-th elementary symmetric function of 1, 1/2, . . . , 1/n, that is
is an integer. In 2012, Chen and Tang [1] refined this result and succeeded to show that the above sum is not an integer with the only two exceptions: either n = r = 1 or n = 3 and r = 2. Recently, this theme has been further developed by investigating the case when the variables of the elementary symmetric functions are 1/f (1), 1/f (2), . . . , 1/f (n) with f (x) being a polynomial of nonnegative integer coefficients: see [4] and [5] for f (x) = ax + b and see [7] for f of degree at least two. In this paper, we consider the integrality problem for sums which are not necessarily symmetric with respect to their variables. For an r-tuple of positive integers s = (s 1 , . . . , s r ) and an integer n ≥ r, we define two classes of multiple harmonic sums: the ordinary multiple harmonic sum (MHS) H n (s 1 , . . . , s r ) =
and the star version (MHS-star also denoted by S in the literature)
The number l(s) := r is called the length and |s| := r j=1 s j is the weight of the multiple harmonic sum. Note that H n ({m} r ) is the r-th elementary symmetric function of 1/f (1), 1/f (2), . . . , 1/f (n) with f (x) = x m . The multiple sums (1) and (2) are of a certain interest because by taking the limit as n goes to ∞ when s r > 1 (otherwise the infinite sums diverge) we get the so-called multiple zeta value and the multiple zeta star value,
where gcd(b, p) = 1 and t < |s|. Assume that H ⋆ (s) = m ∈ N + . Then bmp |s| = ap |s|−t + b, which is a contradiction because p divides the l.h.s. and p does not divide the r.h.s..
On the other hand, the case of the ordinary MHS is much more intricate. Our result is given below whereas the entire next section is dedicated to its proof. Theorem 1.2. Let n ≥ r. Then H n (s 1 , . . . , s r ) is never an integer with the exceptions of H 1 (s 1 ) = 1 and H 3 (1, 1) = 1.
Throughout the paper, all the numerical computations were performed by using Maple TM .
Proof of Theorem 1.2
The main tool in the proof of Theorem 1.1 is Bertrand's postulate. Unfortunately, such result is not strong enough to imply Theorem 1.2. The statement described in the following remark will replace it. Notice that the same argument had been used by Erdős and Niven in [3] and successively taken up in [1] , [4] and [5] .
, n r ] and r < p, then H n (s) is not an integer when l(s) = r. Indeed, since 1 < p < 2p < · · · < rp ≤ n < (r + 1)p, it follows that
where gcd(b, p) = gcd(c, p) = 1 and t < |s|. Assume that H n (s) = m ∈ N + . Then bcmp |s| = cap |s|−t + b, which is a contradiction because p divides the l.h.s. and p does not divide the r.h.s.. Proof. Let r ≥ 1 and let n be such that x := n/(r + 1) ≥ max(exp(
Moreover, by [2, Theorem 1], there is a prime p such that
, n r which implies that n ∈ A r . This proves that N \ A r is finite. Note that if r ≥ 47, then exp( √ 1.4 r) ≥ 3275. On the other hand, if 24 ≤ r ≤ 46 and n ∈ [(r + 1) exp( √ 1.4 r), (r + 1)3275), one can verify directly that n ∈ A r .
In order to compare values of multiple harmonic sums of the same length, the following definition and lemma will be useful. Definition 2.2. Let s = (s 1 , . . . , s r ) and t = (t 1 , . . . , t r ) be two r-tuples of positive integers. We say that s ≥ t, if w(s) ≥ w(t), i.e., if s 1 + · · · + s r ≥ t 1 + · · · + t r , and
Lemma 2.2. Let s = (s 1 , . . . , s r ) and t = (t 1 , . . . , t r ) be two r-tuples of positive integers, and s ≥ t. Then for any positive integer n,
Proof. Let 0 ≤ l ≤ r − 1 be such that s 1 ≤ t 1 , . . . , s l ≤ t l and s l+1 ≥ t l+1 , . . . , s r ≥ t r . Now we compare corresponding terms 1 k
Hence, if 1 ≤ r ≤ n then, by the previous lemma,
where the second inequality holds because each term of H n ({1} r ) is contained r! times in the expansion of (H n (1)) r .
Let p be a prime and let ν p (q) be the p-adic order of the rational number q, that is, if a, b are coprime with p and n ∈ Z, then ν p (ap n /b) = n. It is known that the p-adic order satisfies the inequality
where the equality holds if ν p (a) = ν p (b). The following lemma will be our basic tool to find an upper bound for the index s 1 . 
Let p be the largest prime in [2, n − r + 1]. Then 2p > n − r + 1 (otherwise by Bertrand's postulate there is a prime q such that p < q < 2p ≤ n − r + 1). Let
We will show that ν p (H n (s)) < 0, which implies that H n (s) is not an integer. Assume that
By ii), we have that
and by i),
Remark 2.4. If, in addition to the inequalities 2 ≤ p ≤ n − r + 1, the prime p satisfies n/2 < p, then
Therefore min
This means that
When the assumption n/2 < p is met, we will prefer to use the bound M ′ to M because the bound M ′ is computationally easier to determine.
Proof of Theorem 1.2. Since H n (s 1
which implies that H n (s) can not be an integer. Assume that 2 ≤ r < e(ln(n) + 1). Then exp(r/e − 1) < n and, since it can be verified that (r + 1) exp( √ 1.4 r) ≤ exp(r/e − 1) for r ≥ 30, it follows that n ∈ A r and we are done as soon as we use Remark 2.1. Remark 2.1 can be applied successfully even when 2 ≤ r ≤ 29 and n ≥ 9599 because m r ≤ 331r ≤ 331 · 29 = 9599 ≤ n.
Hence the cases remained to consider are 2 ≤ r ≤ 29 and r ≤ n < m r (with n ∈ A r ). For r = 25, 26, 27, 28, 29, by Remark 2.3,
where the last inequality can be easily verified numerically. For r = 19, 20, 21, 22, 23, 24, by Lemma 2.2,
and the non-integrality of H n (s) is implied by the following evaluations:
The strategy to handle the cases where 2 ≤ r ≤ 18 is fairly more complicated because H mr ({1} r ) > 1. The analysis is based on the numerical values presented in Tables 1, 2 , and 3. Here we give a detailed explanation of how the data in such tables are calculated and used for r = 5. The other cases can be treated in a similar way. What turns out at the end is that the only exception for r ≥ 2 is H 3 (1, 1) = 1.
We first determine the optimal set of length 5, that is, a set of 5-tuples such that the multiple harmonic sums with n = m 5 = 145 are the largest sums less than 1 with small weights (columns 2 and 3):
3 ) < 0.883176754 < 1.
Then, thanks to Lemma 2.2, the size of the set of multiple harmonic sums less than 1 (and therefore not integral) can be extended.
If s 2 ∈ {2, 3} and there is s j ≥ 2 with 3 ≤ j ≤ 5, then
If s 2 = 1 and s 3 ≥ 3, then
If s 2 = 1, s 3 = 2, and s 4 ≥ 2 or s 5 ≥ 2, then
If s 2 = 1, s 3 = 1, and s 4 ≥ 3, then
If s 2 = 1, s 3 = 1, s 4 = 2, and s 5 ≥ 2, then
If s 2 = s 3 = s 4 = 1 and s 5 ≥ 2, then
The set of 5-tuples of positive integers which are excluded by the analysis above is what we call the exclusion set (column 4):
with s 1 ≥ 1. By using Lemma 2.3 and Remark 2.4, we are able to give an upper bound for s 1 (column 5) and therefore to reduce the size of the exclusion set to a finite number. Finally, it suffices to compute the rational number H n (s) for 5 ≤ n < m 5 and for s in the exclusion set with the upper bound for s 1 established in the last column. For r = 5, none of them is an integer. 1, 3, 1) < 0.589038111 
